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Parametric Study of Modified Vertical Bridgman Growth
in a Rotating Magnetic Field
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Using the vertical Bridgman process, a single semiconductor crystal is grown by the solidification of an initially
molten semiconductor (melt) contained in a crucible. In addition to the main Bridgman heater, a submerged heater
is added that separates the melt into two zones, i.e., an upper melt and a lower melt that is continuously replenished
with fluid from the upper melt to offset the rejection of species along the crystal–melt interface. As crystal growth
progresses, the crucible is slowly lowered to maintain a constant lower melt depth. An externally applied rotating
magnetic field produced by a synchronous motor stator is used to control the transport of the electrically conducting
molten semiconductor. This paper treats the flow of a molten semiconductor and the dopant transport during the
vertical Bridgman process with a submerged heater and with a transverse rotating magnetic field. This paper also
investigates the effects of the crystal radius, the melt depth, the strength of the magnetic field, and the number of
poles in the inductor on the dopant distributions in the crystal.

Nomenclature
B = amplitude of rotating magnetic field
Bω = strength of the rotating magnetic field
b = dimensionless depth of the melt
C = dimensionless concentration of the dopant in the melt
Cs = dimensionless concentration in the crystal
cp = specific heat of the melt
D = diffusion coefficient for the dopant in the molten

semiconductor
f = frequency of the ac power source
fθ = dimensionless azimuthal body force
g = gravitational acceleration
h = dimensionless length of the entire crystal
Jm = Bessel function of the first kind and mth order
j = dimensionless electric current density
k = thermal conductivity of the melt
ks = segregation coefficient for selenium in

gallium-antimonide
m = number of pole pairs for the rotating magnetic field
n̂ = outward unit normal vector
Peg = growth Péclet number
Pem = species transport Péclet number
Pr = Prandtl number
p = dimensionless pressure
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R = crystal radius or inner radius of the crucible
Ra = Rayleigh number
r = dimensionless radial coordinate in the melt
r̂ = unit vector in the radial direction for the cylindrical

coordinate system
T = dimensionless temperature in the melt
Th = uniform, constant temperature of the heater’s surface
Tm = magnetic Taylor number
Ts = solidification temperature for pure gallium-antimonide
t = dimensionless time
Uc = characteristic velocity of the melt
Ug = constant growth rate
v = dimensionless velocity in the melt
vr = dimensionless radial velocity in the melt
vθ = dimensionless azimuthal velocity in the melt
vz = dimensionless axial velocity in the melt
x̂ = unit vector in the horizontal direction for the Cartesian

coordinate system
z = dimensionless axial coordinate in the melt
ẑ = unit vector in the axial direction for the cylindrical

coordinate system
(�T ) = characteristic temperature difference
α = dimensionless growth rate
β = thermal coefficient of volumetric expansion
� = characteristic ratio of Joule heating to conductive heat

transfer
γh = dimensionless radius of the submerged heater housing
� = the difference between the crystal concentration at the

centerline and at the periphery after steady state
ζ = dimensionless rescaled axial coordinate in the melt
θ = dimensionless azimuthal coordinate in the melt
θ̂ = unit vector in the azimuthal direction for the cylindrical

coordinate system
κ = thermal diffusivity of the melt
κ1, κ2 = constants in the velocity profile for the gap flow
μ = dynamic viscosity of the melt
ν = kinematic viscosity of the melt
ρ = density of the melt
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σ = electrical conductivity of the melt
� = steady, axisymmetric part of the dimensionless electric

potential
φ = dimensionless electric potential
ψ = dimensionless Stokes streamfunction in the melt
ω = circular frequency of the ac electric power source

Subscripts and Superscripts

min = minimum value
max = maximum value
∗ = dimensional value

I. Introduction

B ULK gallium antimonide (GaSb) semiconductor crystals with
high optical transmission are extremely important for space-

based imaging applications. An investigation of the melt growth of
these crystals, as well as other III–V semiconductors, is under way
at the U.S. Air Force Research Laboratory at Hanscom Air Force
Base. Single crystals of compound semiconductors can be produced
by solidification from the melt by the Bridgman process. An ele-
ment called a dopant is added to the melt during growth to give the
crystal certain electrical and/or optical properties. After the crys-
tal is solidified, the crystal ingot is sliced into wafers, which are
then prepared for manufacture of optoelectronic devices. For opti-
mal optical or wireless communication, it is critical that the radial
distribution be uniform across a single wafer and that the axial distri-
bution be uniform so that the concentration is the same from wafer to
wafer. Therefore, a major objective during the growth of any semi-
conductor crystal is to have a controllable uniform distribution of
dopant in the crystal, which depends on the convective and diffusive
transport of the dopant in the melt. Because molten semiconductors
are excellent electrical conductors, externally applied fields such as
magnetic and electric fields can be used to control the flow of the
molten semiconductor (melt). Recently, the application of rotating
magnetic fields during semiconductor crystal growth has revealed
an extremely promising flow phenomenon. Rotating magnetic fields
can create an electromagnetic (EM) body force that provides EM
stirring of the melt. This provides a means to control transport in
the melt that can cause the crystal to solidify with much better prop-
erties than obtained with other traditional crystal growth methods.
Salk et al.1 and Fiederle et al.2 made experimental investigations that
applied rotating magnetic fields during crystal growth and obtained
crystals with less segregation. Dold and Benz3 reviewed the litera-
ture on the use of rotating magnetic fields during crystal growth.

Unfortunately, crystals grown by the traditional Bridgman
method solidify with severe axial segregation.4 Ostrogorsky5

introduced a modification of the bottom-seeded Bridgman method in
which a submerged heater separates the melt into two zones, namely,
a lower melt and an upper melt. As crystal growth progresses, the
crystal solidifies and the crucible is slowly lowered to maintain a
constant lower melt depth. The lower melt is continuously replen-
ished with liquid from the upper melt with a composition chosen to
offset the increasing dopant level in the lower melt due to rejection at
the crystal-melt interface for dopants with segregation coefficients
less than unity. Ma et al.6 and Wang et al.7 have shown that this
replenishment produces crystals with more radial and axial compo-
sitional uniformity. Ostrogorsky and Müller8 have shown that this
modified bottom-seeded method produces crystals with much lower
defect densities than crystals grown by other methods.

A rotating magnetic field (RMF) can be applied during Bridgman
crystal growth using a submerged heater. An RMF is a periodic
transverse magnetic field which rotates in the azimuthal direction
about the centerline of the melt. An RMF is produced by a number of
magnet poles that are placed at equally spaced azimuthal positions
around the crystal-growth furnace and are connected to successive
phases of a multiphase ac power source. An RMF has a constant
magnetic-field pattern that rotates in the azimuthal direction with
an angular velocity ω/m, where ω is the circular frequency of the
ac electric power source, and m is the number of pole pairs.

Previous studies9−13 have modelled melt motion in cylindrical or
Bridgman-like configurations without solidification. In the present

investigation, we treat the melt motion and the species transport
of a dopant in a molten semiconductor during a vertical Bridgman
process with a submerged heater and with a periodic, transverse
magnetic field. We use a Chebyshev spectral collocation method
and provide predictions for the melt motion, for the dopant distribu-
tion in the melt at several stages during growth, and for the dopant
distribution in the crystal.

II. Melt Motion
This paper treats the unsteady, axisymmetric species transport of

selenium in a gallium antimonide melt during the vertical Bridgman
process with a submerged heater and with an externally applied pe-
riodic transverse magnetic field, as shown in Fig. 1. A single-crystal
seed, which initiates solidification, lies along the bottom of the py-
rolytic boron nitride (pBN) crucible. A graphite disc and a boron
nitride disc lie below the crucible. These discs are cooled by a water-
cooled hearth, which removes heat along the bottom of the crucible.
The coordinates and lengths are normalized by the crucible’s inner
radius R, which is equal to the crystal radius, so that γh is the dimen-
sionless radius of the submerged fused-silica heater housing, and b
is the dimensionless depth of the lower melt. The variables r , θ , and
z are the cylindrical coordinates with the z-axis along the center-
line of the crystal-growth furnace with unit vectors r̂, θ̂, and ẑ. As
the crystal solidifies along z = αt , the crucible is lowered so that the
crystal–melt interface remains at the same axial position throughout
growth, where the dimensionless rate is α = Ug/Uc. Here, Ug is the
constant growth rate and Uc = μ/ρR is the characteristic velocity
of the melt for a uniform density ρ and dynamic viscosity μ. The
submerged heater along z = αt + b is stationary where t is normal-
ized by R/Uc. The depth of the lower melt is constant throughout
the growth. The lower melt is replenished with liquid supplied from
the upper melt to a small annular gap between the submerged heater
and the inner surface of the crucible.

A rotating magnetic field is given by Bωx̂ = Brm − 1{cos[m(θ −
ωt)]r̂ − sin[m(θ − ωt)]θ̂}. An RMF actually produces a periodic,
nonaxisymmetric body force in addition to the steady, axisymmetric,
azimuthal body force, but the frequency of the nonaxisymmetric
part of the body force is 2m f , where f = ω/2π is the frequency
of the ac electric power source. The fluid cannot respond to the
nonaxisymmetric part of the electromagnetic body force because
this force oscillates with 2m times the frequency of the leading-
order RMF. Witkowski et al.10 proved that the velocity produced by
the nonaxisymmetric part of the body force is negligible compared
to the velocity produced by the axisymmetric part of the body force
for m = 1 because the inertia of the melt precludes the melt from
responding to such a high-frequency body force. In the present study,
we neglect the nonaxisymmetric part of the body force, because the
velocity produced by the nonaxisymmetric part of the body force is
negligible. In a frame of reference moving with the rotating magnetic
field at ω/m, the body force is independent of time and the melt
motion is axisymmetric and steady.

Fig. 1 Vertical Bridgman process using submerged heater growth.
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The electric potential is given by φ(r, θ, ζ ) = cos[m(θ −
ωt)]�(r, ζ ). With the neglect of the nonaxisymmeric part, the
steady, axisymmetric, azimuthal body force is

fθ = 1

2
rm−1

(
rm − ∂�

∂z

)
(1a)

which is a function of �(r, ζ )14

�(r, ζ ) =
∞∑

n = 1

2m Jm(λnr) sinh
(

1
2
λnbζ

)
λn

(
λ2

n − m2
)

Jm(λn) cosh
(

1
2
λnb

) (1b)

where � is normalized by ωBR2/m and fθ is normalized by
σ B2ωR/m. Here, ζ = −1 + 2(z − αt)/b is a rescaled axial coor-
dinate so that −1 ≤ ζ ≤ +1. The eigenvalues λn are the roots of
λn Jm−1(λn) − m Jm(λn) = 0. Here, Jm is the Bessel function of the
first kind and mth order.

In a reference frame moving with the crystal–melt interface, with
the Boussinesq approximation, the equations governing the melt
motion are steady,

(v · ∇)v = −∇p + Tm fθ θ̂ + (Ra/Pr)T ẑ + ∇2v (2a)

∇ · v = 0 (2b)

v · ∇T = (1/Pr)∇2T + � j2 (2c)

for 0 ≤ r ≤ 1 and αt ≤ z ≤ αt + b, where the melt velocity
v = vr r̂ + vθ θ̂+ vz ẑ is normalized by Uc, p is the deviation of the
pressure from the hydrostatic pressure normalized by μ2/ρR2,
and T is the deviation of the temperature from the solidifica-
tion temperature Ts normalized by characteristic temperature dif-
ference (�T ) = (Th − Ts) with the uniform, constant tempera-
ture Th for the melt adjacent to the heater. The dimensionless pa-
rameters in Eqs. (2a) and (2c) are the magnetic Taylor number
Tm = σωB2 R4/mρν2, the Rayleigh number Ra = gβ(�T )R3/νκ ,
and the Prandtl number Pr = ν/κ . Here, g = 9.81 m/s2, whereas the
kinematic viscosity and thermal diffusivity of the melt are ν = μ/ρ
and κ = k/ρcp , respectively, where k, cp , β, and σ are the ther-
mal conductivity, the specific heat, the thermal volumetric expan-
sion coefficient, and the electrical conductivity of the melt, respec-
tively. In Eq. (2c), j is the electric current density normalized by
σ BωR/m and the characteristic ratio of Joule heating to conductive
heat transfer is � = σ B2ω2 R4/m2k(�T ). For the present process
with ω = 120π rad/s, R = 2.5 cm, (�T ) = 20 K, B = 2 mT, and
m = 1, � = 0.001623, so that Joule heating is negligible.

The no-slip and no-penetration conditions along the crucible are

vr = vθ = 0, at r = 1, for −1 ≤ ζ ≤ +1 (3a, 3b)

vz = −α, at r = 1, for −1 ≤ ζ ≤ +1 (3c)

The boundary conditions on the crystal–melt interface and on the
surface of the fused-silica heater are

vr = vθ = 0, at ζ = −1, for 0 ≤ r ≤ 1 (4a, 4b)

vz = −α, at ζ = −1, for 0 ≤ r ≤ 1 (4c)

vr = vθ = 0, at ζ = +1, for 0 ≤ r ≤ 1 (4d, 4e)

vz = 0, at ζ = +1, for 0 ≤ r ≤ γh (4f)

Assuming that the density of the crystal and melt are the same, the
gap between the heater and the crucible replenishes the solidifying

melt at a volumetric flowrate πα, so that we assume a simple velocity
profile,6

vz = α[−1 + κ1(1 − r) + κ2(1 − r 2)]

at ζ = +1, for γh ≤ r ≤ 1 (5)

where κ1 = 3(1 + γ 2
h )/(1 − γh)

3 and κ2 = −2(1 + γh + γ 2
h )/(1 −

γh)
3(1 + γh).

The submerged heater above the lower melt and the heaters adja-
cent to the periphery of the crucible are adjusted so that the crystal–
melt interface is planar, and the melt adjacent to the submerged
heater is held at a uniform and constant temperature Th . Therefore,
thermal boundary conditions are

T = 0, at ζ = −1, for 0 ≤ r ≤ 1 (6a)

T = 1, at ζ = +1, for 0 ≤ r ≤ 1 (6b)

∂T
∂r

= 0, at r = 1, for −1 ≤ ζ ≤ +1 (6c)

The heaters are adjusted so that the rate of heat transfer from the
crucible to the melt is negligible.

We introduce a Stokes stream function for the radial and axial
velocities,

vr = 1

r
∂ψ

∂z
, vz = −1

r
∂ψ

∂r
(7a, 7b)

which identically satisfies conservation of mass for our axisymmet-
ric melt motion. For a given value of Tm , we solved for vθ , ψ , and
T using a Chebyshev spectral collocation method15,16 with Gauss–
Lobatto collocation points in r and ζ . Since Eqs. (2a) and (2c)
are nonlinear, we used a Newton–Raphson iterative method and in-
crementally increased Tm from zero. After the Newton–Raphson
method converged for a given Tm , we used a continuation method
to obtain initial guesses for the coefficients in the spectral repre-
sentations for (Tm + �Tm). For each value of Tm , the numbers of
collocation points were varied in order to ensure that the results were
independent of this number and to insure that all boundary layers
were adequately resolved.

III. Dopant Transport
Before solidification begins, the dopant concentration is uniform,

and this initial value is used to normalize the concentration C , so
that C(r, z, t = 0) = 1. The equation governing the dopant transport
is

∂C
∂t

+ v · ∇C = Pe−1
m ∇2C (8)

where Pem = Uc R/D is the mass Péclet number. Here, D is the
diffusion coefficient for the dopant in the molten semiconductor.
The boundary condition for the crystal–melt interface is

2

b
∂C
∂ζ

= Peg(ks − 1)C, at ζ = −1, for 0 ≤ r ≤ 1 (9)

where Peg = Ug R/D = αPem is the growth Péclet number and ks
is the segregation coefficient for the dopant in the molten semicon-
ductor. Once crystal growth begins, the selenium is rejected into the
melt and the concentration of the dopant in the melt rises. In order to
compensate for this elevated level of dopant, the melt is replenished
with dopant-depleted melt, so that the boundary condition at the gap
between the heater and the crucible is

C = ks, at ζ = 1, for γh ≤ r ≤ 1 (10)

where ks = 0.1 for gallium antimonide doped with selenium. The
boundary conditions along the surfaces of the crucible and fused-
silica heater are n̂ · ∇C = 0, where n̂ is the outward unit normal
vector. We use a Chebyshev spectral collocation method with a
second-order implicit time integration scheme to solve Eq. (8) with
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Gauss–Lobatto collocation points in r and ζ . We use a sufficient
number of collocation points to resolve the concentration gradients
near the boundaries. We integrate from t = 0 to a t that is slightly
less than h/α, where h is the dimensionless length of the crystal.
We use a large enough number of time steps so that the results do
not change by increasing the number of time steps.

Assuming that the dopant does not diffuse in the solid crystal and
that the density of the solid and liquid are the same, the concentration
in the crystal Cs(r, z), normalized by the initial uniform dopant
concentration in the melt, is Cs(r, z) = ksC(r, ζ = −1, t = z/α). The
first-grown part of the crystal solidifies at t = 0 with Cs(r, 0) = ks .

IV. Results
We present results for a typical process for which the crystal length

is 8 cm, the growth rate is 2 mm/h, and the frequency of the ac power
source is 60 Hz, and with the thermophysical properties of molten
gallium antimonide, for which Pr = 0.0443. We investigate the
effects of the crystal radius, melt depth, magnetic field strength, and
number of poles on the transport. The parameters are b = 0.01R−1,
γh = 0.02R−1, h = 0.08R−1, Uc = 3.8308 × 10−7 R−1, Ra =
5.6731 × 109 R3, Tm = 4.2602 × 1017 B2 R4m−1, Peg = 27.778R,
α = 1.4502R, and h/α = 0.05516R−2, with R in m and B in T.

We present the results for R = 2.5 cm, γh R = 2 cm, bR = 1 cm,
B = 2 mT, and m = 1 for which b = 0.4, γh = 0.8, h = 3.2, Uc =
0.00001532 m/s, Ra = 88,641.4, Tm = 665,647.8, Pr = 0.0443,
Pem = 19.1542, Peg = 0.6944, α = 0.036255, and the dimension-
less time to grow the crystal is h/α = 88.2627.

In Fig. 2, we present the contours for the steady melt motion.
In Fig. 2a, the isotherms reflect a purely axial temperature gradi-
ent, so that there is no thermal buoyant convection. The azimuthal
electromagnetic body force fθ drives an azimuthal velocity that is
presented in Fig. 2b, where the maximum value of vθ is 163.62. The
meridional melt motion is driven by the gap flow and by the RMF.
The inertial effects augment viscous opposition to the constant driv-
ing force due to the gap flow. The meridional melt motion is split
into two opposing circulations as shown in Fig. 2c, where the upper
circulation flows in the counterclockwise direction and the lower
circulation flows in the clockwise direction. In Fig. 2c, the min-
imum and maximum values of the meridional streamfunction are
ψmin = −0.6783 and ψmax = 0.7015, respectively.

a)

b)

c)

Fig. 2 Contours for the steady melt motion with R = 2.5 cm,γhR = 2 cm,
bR = 1 cm, B = 2 mT, and m = 1: a) temperature T(r, ζ), b) azimuthal
velocity vθ(r, ζ), and c) meridional streamfunction ψ(r, ζ).

a)

b)

c)

Fig. 3 Constant-concentration curves in the melt with R = 2.5 cm,
γhR = 2 cm, bR = 1 cm, B = 2 mT, and m = 1: a) concentration
C(r, ζ, t = 0.05516), b) concentration C(r, ζ, t = 1.7653), c) concentration
C(r, ζ, t = 15.722).

The constant-concentration curves in the melt at t = 0.05516
when 0.0625% of the crystal has grown are presented in Fig. 3a.
The minimum value of the concentration is always equal to ks = 0.1
because the melt is replenished with fluid having concentration
C = ks at ζ = +1 for γh ≤ r ≤ 1. The melt adjacent to the gap is
dopant-depleted with C < 1. The melt adjacent to the crystal–melt
interface at ζ = −1 is dopant-rich with C > 1 because the interface
has rejected the dopant upon solidification. The maximum value of
the concentration in the melt at this time is Cmax = 1.04203. The
majority of the melt still has initial uniform concentration C = 1
because the dopant has not had time to convect or diffuse into the
bulk of the melt.

In Fig. 3b, we present the constant-concentration curves in the
melt at t = 1.7653 when 2% of the crystal has grown. At this time,
the dopant-depleted melt has convected or diffused over the entire
volume of the melt and the maximum value of the concentration
is Cmax = 0.7064. By the time 17.8% of the crystal has grown at
t = 15.722, the dopant transport has reached a steady state. The
constant-concentration curves in the melt at this time are presented
in Fig. 3c and these contours remain the same for the remainder of
growth.

In Fig. 4, we present the constant-concentration curves in the
crystal. There is small radial segregation in the first-grown sec-
tion of the crystal before the melt motion reaches the steady
state. The concentration is always higher at the centerline com-
pared with the periphery of the crystal, and this difference is
� = Cs(0,3.1998) − Cs(1,3.1998) = 0.001934 for the last-grown
section of the crystal which solidified after steady-state transport
had been reached in the melt. Steady-state dopant transport has
been achieved when 17.8% of the crystal has grown, so that the top
82.2% of the crystal is axially uniform and solidifies with the same
radial dopant distribution.

We investigate the effects of different parameters on the melt mo-
tion and dopant transport. Table 1 presents the maximum value of
the dimensional EM body force fθ,max∗ , the maximum magnitude
of the dimensional velocity vmax∗ , and the crystal’s radial segrega-
tion after the dopant transport has reached a steady state �. As the
magnetic field strength increases, the EM body force increases the
stirring in the melt so that the crystal’s radial segregation after steady
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Table 1 Maximum value of the EM body force and the magnitude of the velocity and the
crystal’s radial segregation versus various parameters

Case bR, cm γh R, cm R, cm B, mT 2m fθ,max∗ , N/m3 vmax∗ , cm/s �

a 1 2 2.5 0 2 0 0.000742 0.003485
b 1 2 2.5 1.0 2 0.74414 0.06696 0.003373
c 1 2 2.5 2.0 2 2.97656 0.25131 0.001934
d 1 1.5 2.5 2.0 2 2.97656 0.25127 0.001827
e 1 1.75 2.5 2.0 2 2.97656 0.25128 0.001866
f 1 2.25 2.5 2.0 2 2.97656 0.25134 0.002152
g 2 2 2.5 2.0 2 6.1994 0.8832 0.0004772
h 3 2 2.5 2.0 2 9.3127 1.6159 0.0002635
i 1 2 2.5 2.0 4 2.8860 0.2122 0.002257
j 1 2 2.5 2.0 6 2.7521 0.1752 0.002572
k 1 2 3 2.0 6 2.7938 0.1866 0.003846

Fig. 4 Constant-concentration curves in
the crystal for R = 2.5 cm, γhR = 2 cm,
bR = 1 cm, B = 2 mT, and m = 1.

state decreases, as reflected in cases a, b, and c. When the radius of
the submerged heater increases, the melt motion is almost the same
because the meridional melt motion due to the EM stirring is sig-
nificantly stronger than the gap flow. However, a smaller volume of
dopant is replenished through the gap so that the crystal’s radial seg-
regation increases as the radius of the submerged heater increases, as
reflected in cases b, d, e, and f. As the melt depth increases, the EM
body force increases and the crystal’s radial segregation decreases.
When we double or triple the melt depth, the radial segregation de-
creases by an order in magnitude, as reflected in cases b, g, and h.
As the number of poles increases, the EM body force and stirring
decreases and crystal’s radial segregation increases, as reflected in
cases b, i, and j. Another important parameter that affects the melt
motion is the radius of the crystal. When the radius of the crystal
increases by 20% from 2.5 to 3 cm, the crystal’s radial segregation
increases, as reflected in cases j and k.

V. Conclusions
We have developed a numerical model that can predict steady

transport in the melt, unsteady dopant transport in the melt, and
dopant distribution in the crystal during the vertical Bridgman pro-
cess with a submerged heater and with a transverse, rotating mag-
netic field. Future research will compare model predictions with
experimental data for the dopant concentration in the crystal. After
the melt motion reaches steady state, the remainder of the crystal
solidifies with the same radial dopant distribution. The radial segre-
gation in the crystal decreases as the strength of the rotating magnetic
field increases, as the width of the gap increases, as the number of
magnet poles decreases, as the radius of the crystal decreases, and
as the depth of the melt increases.
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